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                       On  Some  Special Finsler Spaces

                                Mamoru  YOsHIDA'

     Finsler spaces  have  been  studied  by many  mathematicians  and  phisicists, especially  in Japan.

  In the present  paper,  we  shall  consider  some  special  Finsler spaces  such  as  R3-like ones,  of scalar

  curvature,  of  perpendicular  scalar  curvature,  of  RP-scalar curvature,  of  HP-scalar  curvature,  with

  E,isk=O, 
*P･Finsler

 spaces,  Landsberg spaces  etc.  and  investigate relationships  among  them.

  Sl. Prelirninaries

    Let iFl  be an  n-dimensional  Finsler space  with  a  fundamental function  F(x`,y`)i).

Here, we  assume  that F(x,y) satisfies the  following conditions:  1) F(x,y)  is a  positively

homogeneous  function with  respect  to yi, that is, F(x,ky)=RF(x,y) for A>O;  2) F(x,y) is

positive for y` IiO; 3) the .fundamental  tensor gw:==(112)02F2!ay`ayj!) is positive definite, that

is, g,jXiXV>O  for any  variables  X`tO  (in detail, see  the  paper  [71a) appeared  in this jour-
nal,  or  [9], I14] etc.).

    A  hypersurface of  F.  defined by  the  equation

                                    F(x,y)=1  ,

where  the polnt x=(x`)  is fixed and  y` are  variables,  is called  the  indicatrix. We  denote
by  p･ the  projection on  the  indicatrix, for example,  for a  tensor T//, of  type  (1,2), we  can

see

       p･TS.,=:hgTx,h}･h£ ==Te,,-F-i(liTY-,+ljTG,+l,TS,)+FL!(ltl,T:,+lil,Tg,,+l,l,T8,)

                          -F-B(li4.l,Tg,) ,

where  h2:=fia-lil., lj:=:aFfayj, li:=gijl,=F-iy`, 6S is the Kronecker  delta, giJ are  the  re-

ciprocal  components  of  gij in the  matrix  (gij) and  the index O means  the  contraction  by

y, e.g., TSo==Tg･kyk, T,e･,=TS･,yi, yi:=yYgij. The  tensor hw:=g,.h,m･ is called  the  angular

metric  tensor. A  tensor  T  satisfying  p･T=T  is called  an  indicatric tensor. hS･ or  hw  is

indicatric.
    We  use  two  kinds of  covariant  derivatives due to Cartan, that is, for a  tensor Tg of
type  (1,1)

                         a)  TS-/k:=:dkTS+*rx',T,h--*4h-,TL,

(1.1)
                         b) T3,c,) : ==  T;' (,) +Ct; ,T,n  

-C,n･
 ,Tz  ,

where

*
 blasecE fasi 1983  tli 10 N 31 nectt

1) Latin indices run  over  1,2,...,n. We  may  use  F{x,  y) or  merely  F  instead  of F(x`,yi).

2) A:=B  or  B=:A  rneans  that A  is defined by B. Also, we  apply  the  Einsteln's summation

   vention.

3) Numbers  in square  brackets refer  to the  references  at  the  end  of this paper.
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      d,:=Ofexk-G20fdyt, Gi:=OGVOyk,  Gi:==tr},yiyk, (o:=OIOyk,

       rfk: =  -li-g`h(Oghj!Oxk+gitkfOxi-eg,k/Oxn) , *r}k:]=-li-g'h(dkglti+djghk-dhg,k)  ,

      Citk:==g`jCza,k , C.fk:=-ll-Og.yeyk .

Then,  the  curvature  and  torsion tensors are  defined as  follows:

            a)  Rhtjk:=<dk*r`h,･+*I':j*r£ k-ik)+Ci.IL7  , Rh",･kg.i=:Rhijk ,

            b) Phifk:==Cijkrn+' C:jllnikrhli,

            C) Sniik:=-C:jC.ikLJ'lk, Slt.jkgM`=:Sh`jk,
(1'2) d) HLij,:=d,Gxi+Gve,Gin,-1'[k=H)k(n) 

,
 HL"vicg.t==:H),tvk 

,

            e) H)k:=dkG;･-jlk==Ro`,,=Hh`jic, Hg,==:Hl,

            f) Pfic:=Cl'kto, Pjkgmi=:Rfik,

where  GS,:==OGe-fayk and  -1'[le means  the  interchange of indices 1', le in the  foregoing terms
and  subtraction.  Slttjk, IliiJk and  RhtJk are  called  the  first, second  and  third curvature  tensors

of Cartan, respectively.  On  the  other  hand, HLij, is called  the  Berwald  curvat"re  tensor.

   It is known  (e.g., [17], (1.5)) that the third curvature  tensor of  Cartan and  the  Ber-
wald  curvature  tensor  are  related  by the  following relation:

(1.3) R,,1,::=-Il-(H],,,,-hli)-Q,,,,,

where  Qhijk:=PhMJ-P.ik-1'lk.
   Also, we  know  that the Berwald  curvature  tensor satisfies the following identities:

            a) HLifk-H}v,t=(HhM)'C.ik+Hl  C.nj+PhiJtic-1'[k)-H):Cmlti+HzaMtC.jk

                             -4'kEti+Rt'kirh'

(1.4) b) H;,i.k=HLlti-HhMC.ki+]U}MC.ich-HLMC.hi-Pmue'

            c) HLtjk=Kjk==-aejk'

            d) HLeek=-HLok'

  S2. An  R3-like  Finsler  spaee

    M.  Matsumoto  [81 showed  that  in a  three-dimensional  Finsler space  the  third curvature

ten$or of  Cartan is always  expressed  by

(2.0 R.,j,==b,jLik+g,,L,j-i'ih,

where  Ltic=(Rik-(112)rgik)/(n-2), Rtk:=Rtptk., r:=g'SR.,/(n-1).  So, we  shall  give  the fol-

lowing

    Definitien  2.1. If the curvature  tensor R,,j, in a  Finsler space  F.(n>3) has the form

(2.1), then  the space  is called  an  R3-like Finsler space.

    Let us  construct  a  tensor Chsik formally from  the curvature  tensor  Rhtik by the sarne
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expression  as  that of  the confermal  curvature  tensor in a  Riemannian  space,  that is,

                  Cn"k:=Rhijk-(ghJRtktgitRhj-rghjgik-jlle)/(n-2) .

In this case,  H. Izumi and  T.N.  Srivastava ([3], Theorem  3.3) showed

   Theerem  2.1. An  R3-lilee Finsler sPace  is characterized  by Chi,k=O.

   Now,  we  shall  decompose  the tensor L,, in an  R3-like Flnsler space  by the idea of

indicatrization (for this idea, see  [6], [3]) as  follows:

(2.2) Lik=mtk+a`lk+l{bk+clitk,

where  mik:=p-Lik=mkt  (cf. [3], (3.9)b)), ai:=F-tp･Li,,bk:=F-ip-L,k,c:=F-2L,,.  According-
ly, taking  account  of  <1.2)e), we  get

                  a)  e-,=F[l,(mZ+ch{)+b,h{]-1'ik,
(2.3)
                  b) H2==F2(mZ+chZ),

where  m £:=giimj,.  Then,  the following identities are  known  [3]:

            a)  p'Rhw/k+PhptjPmiic+FbkChtjTr htj(-mnk+bhk+chzak>-1'ik=O ,

(2.4)
            b) 2Pftm,･ILtic-2chh,･hik+hhti(mik-bik)+hik(mnj-bhi)-)'lk=O,

where  bik:=Fp`bk(i)=:bki <cf. [31, Lemma  5.4). These  identities will  be used  later.

  S3. A  Finsler  gpace  of  sealar  curvature

   Definition 3.1. Let X=(X`)  be a  vector  of  a  Finsler space  F;,(n>2) at  a  point x==(x`).

The  quantity  K(x,y,X)  at  (x,y) given  by

                              -  R,,j,yhXi),,'xic
                      K(x,y,X)
                              

-
 (ghjg"-g,,g,i)ykXiydXk

is called  the  (sectional) curvature  at  (x,y) with  respect  to X. Then, if K(x,y, X)  is inde-

pendent  of  X  at  any  (x,y), then  the  space  is said  to  be of scalar  curvature  K. Especially,
if K  is constant,  then  the  space  is said  to be of constant  curvature.

   In the  above  Rlttjk can  be replaced  by HLijit, because R.i.k=Hl,i.k holds good.
   The  following important facts are  known:

   Theorem  3.1 ([14], [11], [16]). A  Finsler sPace  of scalar  curvature  K  is characterized

by aay  one  of the following equations:

        a)  H{=F2Khl,

(3.1) b) Hl,==F(M,+-llK})hL-1'[k,

        C) HLZjk=[lh(Klj+-li-K))+(KhnJ+-li-K;Lli)+'ll-KLj]h2+li(Klk+-ll-KL)hn,

                      +-llhSl,Kl,-j1k  ,

                                   -87-

                                                            NII-Electronic  Mbrary  



Shonan Institute of Technology

NII-Electronic Library Service

ShonanInstitute  of  Technology

                        iHpt:Ilme k\rept  va 18 #  zz 1 -e

where  Kf:=FKcs},KLj:=:jFP'K)<h) =Kift･

   Theorem  3.2 (e.g., [141, p. 123). if the curvature  K  in a  iFVnsler  sPace  of scalar  cur-

vature  is indopendent of y, then K  is constant.

 g4. A  Finsler space  ef  perpendicular  scalar  curvature

   Analogously to a  Finsler space  of  scalar  curvature,  we  shall  give  the  following

   Definitien 4.1 ([4], [5]). Let X==(Xi) and  Y  =(Yi}  be two  independent vectors  of a

Finsler space  JF;,(n>3)  at a  point x=(x`).  The  quantity R(x,y,p･X,p･Y}  at  (x,y) giyen by

                                    R.w,(p･Xh)(p･YD(p.Xt)(p.yk)(4･1)
 

R{",Y,P'X'P'Y)=
 (g,,g,,.g.,g,,(p･Xlt)(p'Y`)(P'XV)(P'Ybe) 

'

is called  a  Per:Pendic"lar sectional  curvature  at  (x,y) with  re$pect  to X  and  Y. In addi-

tion, if R(x,y,p･X,p･Y)  is independent of  X  and  Y  at  any  (x,y), then  the  space  is said

to be of Perpendicular scalar  curvature  (abbreviated of P-scalar cttrvature).
   A  characterization  of a  Finsler space  of  P-scalar curvature  and  the curvature  tensor
Rhijre of  this space  are  given  respectively  by the following theorems  [5]:

   Theorem  4.1. A  jFVnsler  sPace ofP-scalar curvature  is characterized  to,

(4.2) p･Rht,k=Rhhjhik+S(ZT,C.tk+ZitLC.nj) -]']le ,

where  Zl:j:==p.HTd.

   Theorem  4.2. The  curvature  tensor Rhijk of a  FVnsler space of P-scalar curvature  has
the form

(4.3) Rhijic=IiLi(hgi.H;rc-lign.HYtk+4gre.Hni-lkgj.H℃t

                   -F-2(l.ljg,.HL"+l,l,g..H]pt-f'[k)-Fr'(C.hjH}ntlk+C.ikHMIj-1'lk)

                      +[  Rhh,hik+-S- (Ztz}jC.,,+ZtrIC..j)v'lk] ･ .

   A  Finsler space  of  p-scalar curvature  and  a  Finsler space  of  scalar  curvature  are  ln-

dependent of each  other.  So, we  shall  give  the  following

   Definition 4.2. If a  Finsler space  of  scalar  curvature  is at  the same  time  of  P-scalar
curvature,  then  the space  is called  a  Finsler space  of s-Ps  curvature.

    It is proved  that the  curvature  tensor R.,j, of  a  Finsler space  of s-ps  curvature  has

the form  similar  to (2.1) of  that in an  R3-like Finsler space,  namely  we  have

    Theorein 4.3. T7ie curvat"re  tensor R.,j, of a  Finsler space of s-Ps  curvature  has the

form

(4.4) Rhtik=hhfM}k+hikMlnj-1'lle,
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NII-Electronic  Mbrary  



Shonan Institute of Technology

NII-Electronic Library Service

ShonanInstitute  ofTechnology

                  On  Some  SPecial Flnsler SPaces (Mamoru Yoshida)

where  M},: =S-Rhiic+  
-ll-
 (Ki l,+ l,Kk)+ Kl,lk-

   Preof. Substituting (3.1)a), b) into (4.3), we  can  calculate  as  follows:

 Rhijic==[( Klhli+-III lhK} )htk-( KZtlj+-ll-liK]i)hnk-jlle]

             +[(  ih･5J)  ( i )ji                 Kl  l 
'-

 I K), hki- Klkln+h  lkKil h 
-hli]

                
-K(lhljhik+lilkhftj-]'[k)JFK(Cvejhmilk+C,"･khmn(f-1'Ik)

             =-[  j,g  MhJ                Rh.h･,+-.Fi(<K),hr-h[j)C.,,+(K}hr-ille)C }-j'lfe]

       
=

 
-IIt(lhK}hak+ltKlhn,)+(

 KIJIh+-ll- ljKL )hkt+( Klkli+g  licKi )hnJ+Rhltjhik
                1

             
'i(KLCiikmK,Cniic+KCkhy"KCihj)V'1le

      =  h,,[-l;- <l.K}+ ljKL)+Klhl,+S  Rhhi]+hh,['ll-(l,KL+lkKi)÷ KZilk+-il-Rh,k ]-j']le
      =h.,M,.+h,.M.,-j'1le.  Q.E.D.

   Theerem  4.4 (cf. [3]). A  jFVnsler  space of s-Ps  curvature  is an  R3-lilee Finsler space.

   Proof.  Making  use  of  hni=g.j-lnlj, we  shall  rewrite  (4.4). Then,  we  have

     Rhijk=(g.j-l,lj)M},+(gik-lil,)MLj-]Ile

              =ghjMlk+･  g,,Mai-l.ljMl,-lil,Mhj-1'lk

              =ghjM}k+gikl;Lij-tR(lhljh,k+ltlkhn,)--ll'(lhljltKk+ltlklhK})-)'1le

              =gn;MLk+g,,MIJ-eR(lhlJg,k+l,l,g,,)-]'lk

              =ghjLik+gi,L,j-]'1le  ,

where

               Lik=Mtk-SRIzlk=:-ll-(Kilk+ltKl)+(K 
'll-R)IJk･

 Q･E･D･

   Theerem  4.5 (cf. [3], Theorem  3.6). An  R3-like .FVnsler  space of scalar  c"rvature  is
a  ]FVnsler  sPace  of P-scalar curvature,  and  consequently  of s-Ps  czarvature.

   Proef. Since the  space  is an  R3-like Finsler space  of  scalar  curvature,  comparing

(3.1)a) with  (2.3)b), we  have

                               mik=mhik  
,

where  m:=mt･!(n-1)=K-c.  Thus, from  (2.1> we  obtain

                                 -89-
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(4.5) p･R,,j,==2mh.,h,,-1'[le.

This means  that  the  space  is a  Finsler space  of  p-scalar curvature  with  R=2tn  and  satis-

fying ZtrjC.tk+Z?:C.ni-]'[k==O. Q.E.D.

  S5. A  Finsler  space  of  Rp-scalar curvature

   It may  be significant  to consider  a  Finsler space  satisfying  the form  (4.5).

   Definition 5.1 [5I. A  Finsler space  E,(n>2) satisfying  the condition

(5.1) p･Rhwk  =q(hnJ-hik-hltkhii)

is called  a  Finsler space  of RP-scalar curvature  and  q is called  the  RP-scalar curvatuie.

   Evidently, we  have

   Theorem  5.1. A  JFVnsler  space E,(n>3) of RP-scalar curvature  is of P-scalar curva-

ture.

   The  following theorem  is very  essential  and  important:

   Theorem  5.2. A  Finsler  sPace  of s-Ps  curvature  is of RP-scalar curvature.

   Proof.  Since the space  in consideration  is a  Finsler space  of  scalar  curvature,  from

(3.1)b), we  have

                             Zi,=-ill-FK,h2-jlk ,

which  leads us  to ig,C.,,+Z,:C.,,-1'[h=O. Hence, in virtue  of  Theorem  4.1, we  get the
theorem.  Q.E.D.
   Moreover, we  know  the following two  theorerns.

   Theorem  5.3 ([3], Proposition  3.1). An  R3-like Finster space is of RP-scalar curvature,

if mi"  is ProPortional to hik.

   Theorem  5.4 ([3], Theorem  3.2). An  R3-lilee FVnsler space of RP-scalar curvature  is
of scalar  curvature,  and  consequently  of s-Ps  curvature.

   Combining  the  above  two  theorems,  we  can  state
                                                     '

   Theorem  5.5. An  R3-like IiVnsler space is s-Ps  curvature,  ij mtk  is ProPortional to htk.

                                                                   '

  S6. A  Finsler space  of  Erp-scalar curvature

   In the previous  section  we  considered  a  Finsler space  with  the third curvature  tensor

of  Cartan of  a special  forrn. In this section  we  consider  a Finsler space  with  the Berwald
curvature  tensor ofaspecial  form. ･
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   Definition 6.1. A  Finsler space  F;,(n>2) satisfying  the condition

(6.1) p'HLifk=k(hhlihik-hhkhis')

is called  a  Finsler space  of HP-scalar curvature  and  le is called  the HP-scalar curvature.

   Making  use  of  (1.4), we  can  obtain  the Berwald  curvature  tensor  of  a  Finsier space
of  HP-scalar curvature  as  follows:

(6･2) Hltijk=F-i(lhHLj'k-h[i)mF-2(lhl,HL'ek+lilkHLoj-]'lk>

                 +F-:[lj(H]thi-HhMCmki+HLMCmkftrHleMCmhiuPfi.ikge)-1-1le]+k(hhjhik-]'[k)･

   Now,  we  assume  that a  Finsler space  of  HP-scalar curVature  is at  the same  time  of

scalar  curvature.  Then,  from  (3.1)c), we  get

(6.3) p-HL.,=(  Khltj+gKop  )h,k-1'1le ･

In addition,  it is known  ([17], (3.6)) that in a Finsler space  of  scalar  curvature  the fol-

lowing identity holds good:

                       FKC,.+F-iR,,,,.+g(K),h,,-hlilj)=O  ,

where  +hlilJ' means  the cyclic  permutations  of  indices h,i,j' in the  foregoing term  and

summation.  Thus, using  the aboye  identity, (3.1)a), b) and  (6.2), we  have

    Theorem  6.1. The  Berwald  curvature  tensor of a  Finsler sPace  of HIi-scalar curvature

and  at  the same  time  of scalar  curvatttre  has the form

 (6･4) IL,.k=hh,IVLk`-h,icAJA,--li-(KAh,j+hlill')tic-J'lk,

 where  iV}k=(1/2)kh,,+(113)(ltKlt+lkK})+Klilk.

    Taking  account  of  (6.4) and  (1.3), we  have  
-

    Corollary. The  third curvature  tensor of Cartan of a  iFVnsler  sPace  of HP-scalar.cur-
 vature  and  at  the same  time  of scalar  curvature  has the form

 (6.5) R,,j,=(h,,･iV;-,+h,,iV;,,-J'[le)-Q,,j, ny

    Next, we  consider  an  R3-like Finsler space  of  H7P-scalar curvature.  Operating the

 projection p･ to (2.1), we  get,  with  (2.2) in mind,

 (6.6) p･Rho･k=hltjmik+hikmhj-1'lk･

 On  the other  hand, from  (6.1) and  (1.3), we  have

 (6.7) p'Rhijk=k(hnjhik-IJIle)mQhijk･

 Therefore, from  the above  two  equations,  we  get

                      h,jm,,+h,,m,i-v'1le ==  le(h,jh,,-1'Ik)-Q.,i, .

                                    -91-
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Transvecting this equation  with  hnJ, we  can  see

                    mik  =[(n-2)k-(n-1)m]hikl(n-3)-Qikl(n-3)  ,

where  Qik:=Qimk.. Hence, by means  of  Theorem  5.3, we  can  state

    Theorem  6.2. An  R3-like jFVnsier  space of HP-scalar curvature  is of ]tip-sealar  curva.

t"re, ijr Q,, is ProPortional to hik.

  S7. A  Finsler space  with  IF'htJA=O

   H. Izumi [2] introduced an  interesting tensor E,`jk and  T. Sakaguchi [15] inve$tigated
a  Finsler space  F;,(n>2) with  ]F;,ii,=:O.  This space  is characterized  by

(7.1) HL`vk=Lh,6{+ghiLik-hSLjk-7'lk,

where

             Ln,==[(n-1)Hl,--ll- g'S4,ghj+(Elinft-HL.)lmlj ]/(n-1)(n-2) ,

             Lik: =gimL.k  , H]ti. =HLmj.  .

   In this space,  T. Sakaguchi [15] proved  the following

   Theerem  7.1. ly' a  Einsler space with  E,`jk=O is at  the same  time  of scalar  curvature,

then  the  space is a  FVnsler space of eonstant  curvature.

   When  a  Finsler space  of  scalar  curvature  is replaced  by a  Finsler space  of  p-scalar
curvature  in the above  theorem,  we  have

   Theorem  7.2. lf a  FVnsler space with  iF;,`jk=O  is at  the same  time  of P-scalar cttrva-

ture, then the space is of RP-sealar curvature.

   Proof. From  (7.1), it is easy  to see  that

                          H},==HL`j,=L,jO:+yjL`,-1']k ,

which  implies Zi,=(p.L,Pht-j[k,  hence  ZTjC.,,+Z,M,C.,j-1'lle=O. Consequently, using

Theorem  4.1, we  have the theorem.  Q.E.D.
   Now,  let us  consider  the decomposition of  the  tensor  Li, in (7.1), that is,

                           Lire :miic+ailk+bk4+clilk  ･

Substituting this decomposition into (7.1), we  obtain

(7.2) HLtik=[lh{lj<mik+chik)+bjhik}+hnjmik+hikahlj-hii]+hni4･(ak-bk)-jlle,

from which,  We can  see

(7.3) p･HL,,,=(h,,m,,-hli)-1']k.
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   By  the  way,  we  know

   Theerem  7.3 ([15], Theorem 4.4). A  Einsler sPace  with  E,`j,:=O is a  FVnsler space of
constant  curvat"re,  if mik  is ProPortional to hik.

   Here, suppose  that  a  Finsler space  with  Fh`jic=O is of  HP-scalar curvature.  From

(6.1) and  (7.3), we  have

(7.4) m,,=[(n-2)le-(n-1)m]hi./(n-3).

Therefore, by  means  of  Theorem  7.3, we  have

   Theorem  7.4. lfa jFVnsler  space with  E,`jk=O is of HP-scalar curvature,  then the

space is a  FVnsler sPace  of constant  curvature.

  g8. 0ther  special  Finsler spaces

   Definition  8.1 [1]. A  Finsler space  satisfying  the  condition

(8.1> 
*P//,:=PS,-2Ci･,=O

is called  a *P-IVnsler  space.
   For thls space,  H. Izumi [1] studied  in detail.

   Definition 8.2. A  Finsler space  satisfying  the condition

(8.2) Pf-,=O

is called  a  Landsberg  sPace.

   For this space,  S. Numata  ([13], Theorem  1) proved  the beautiful theorem,  that is,

   Theerem  8.1. A  Landsberg  sPace  I;,(n>2) of scalar  curvature  KtO  is a  Riemannian
sPace  of constant  curvature.

   On  the  other  hand,  M.  Matsumoto  [10] showed  that  the  first curvature  tensor of

Cartan in a  four-dimensional Finsler space  is written  in the  form

(8.3) Snijk :hfijUiic+hikUhj-]'lk,

where  Uik= Siic-(1/4)Shik,Sik:==Si"ic.=Ski,S:=S.,g'`. So, we  shall  give  the following

   Definition 8.3 (cf. [12]). A  Finsler space  E,(n>4) satisfying  the form  (8.3) is called
an  S4-like Finsler space.

   When  a *P-Finsler  space  is at  the  same  time  an  R3-like one,  substituting  (8.1) into

(2.4)b), we  have

(s.4) 222S.,j,=h.iA,,+h,,A,,-j'Ile,

where  Aik=mik-bik-chik.
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   In the case  240,  which  means  that the space  in consideration  is not  a  Landsberg
space,  it follows frorn (8,4) that  we  obtain  the  follwoing
                                              '

   Theorem  8.2. An  R3-lilee (non-Landsberg) "P･,Finsler
 space is S4-like.

   Next, we  assume  that R=O, which  means  that the space  in consideration  is an  R3-
like Landsberg space.  In this  case,  from  (8.4), we  get. A,,=O,. that  is,

(s.s) m,,-b,,=ch,,.

Substituting (8.5> and  (8.2) into (2.4)a), we  obtain

(8.6) b,C.,,-1'[k =O.

Transvection of  (8.6) with  hh  ̀ yields
      '

                                 bjC,==b,q ,

where  C,:=CCr.. Consequently, there exists  a  scalar  function p su ¢ h that bi==pCf. Sub-
stituting  this relation  into <8.6), we  have - ,

                               pC,C,,,-1'Ile=O .

Therefore, we  must  consider  two  cases.  The  one  is

(8.7) C,C,w-1'1le=O･

In this case,  transvecting  (8.7) with  hhk, we  get

(8.8) CmC.,j=C,C,,

where  Cm:==gm`C,. Also, transvection  of  (8.7) with  Ct gives, with  (8.8) in mind,

                               C2C,,s= C.C,Ci ,

where  C2:= CmC.. The  above  equation  implies Ste"k==O.
   The  other  case  is p==O. In this  case,  we  have  bj=O,  hence bhj=O. Thus, from  (8.5),
we  have m`t=mhik.  Consequently, taking  account  of  Theorems  5.5 and  8.1･, we  can  state

   Theorem  8.3. An  
'R3･like

 Landsberg spaqe is a  FVnsler space satisyEying  Shijk=O, or  a

Riemannian  space of constant  curvat"re.
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